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Abstract. Let y be a closed, connected, orientable three-manifold admitting a genus 
one open book decomposition with one boundary component. We prove that if Y is an 
L-space, then the fundamental group of Y is not left-orderable. This answers a question 
posed by John Baldwin. 



A group is left-orderable if it admits a strict total ordering of its elements that is invariant 
under multiplication on the left. By convention, the trivial group is not left-orderable; for 
definitions and background relevant to this paper see [2],l3j. Let y be a closed, connected, 
irreducible, orientable three-manifold. It has been conjectured that Y is an L-space if and 
only if 7ri(y) is not left-orderable [21 Conjecture 3]. We verify one direction of this conjecture 
when Y admits a genus one open book decomposition with a single boundary component. 

Theorem 1. Let Y be a closed, connected, orientable three-manifold admitting a genus one 
open book decomposition with one boundary component. IfY is an L-space then tti{Y) is 
not left-orderable. 

Recall that an L-space is a rational homology sphere Y with simplest possible Heegaard 
Floer homology, in the sense that rkHF(y) = \Hi{Y;'Ij)\ |10] . Baldwin gives a complete 
classification of L-spaces among manifolds admitting a genus one open book decomposition 
with a single boundary component [U Theorem 4.1]. In particular, these may be identified 
as the two-fold branched covers of (the closures of) an explicit family of three-braids [1] 
(see Section [1]). Given this classification, the proof of Theorem [1] follows from a study 
of the fundamental groups of the particular two-fold branched covers that arise. Having 
first collected some relevant known results concerning this family (see Proposition [J] and 
Proposition [6|) , the main step in our proof focusses on a particular sub-class of three-braids 
(see Proposition [T5|). We make use of a group presentation for the two-fold branched cover 
derived from the white graph of a diagram for the branch set due to Greene [6l [7] (see 
Section [2|) , and show that when this presentation is associated with a graph of a particular 
form, the resulting group cannot be left-orderable (see Proposition [8]). 

Before turning to the requisite material for the proof of Theorem [T] recall that, in the 
context of Heegaard Floer homology and two-fold branched covers, a natural extension of 
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the class of alternating links is given by quasi-alternating links (see pTl Definition 3.1]). We 
remark that, as Baldwin gives a complete classification of quasi-alternating links that are 
the closures of three-braids [H Theorem 8.7], it follows immediately from Theorem [T] that: 

Corollary 2. If L is a quasi- alternating link with braid index at most three then the two- fold 
branched cover of L has non-left- orderable fundamental group. 

It is natural to posit, in light of [21 Conjecture 3], that the fundamental group of the two- 
fold branched cover of any quasi-alternating link is not left-order able. This is known for 
non-split alternating links [21 Theorem 8], and further infinite families of examples may 
be obtained by combining the examples of quasi-alternating links that arise in [14J (as the 
branch sets of certain L-spaces obtained via Dehn surgery) with results about Dehn surgery 
and non- left-order ability established in [4l[5]. In particular, combine [H Theorem 28] with 
[141 Theorem 5.1] and/or Theorem 3] with [141 Theorem 6.1]. Other examples are studied 
in work of Ito [8] and Peters [12]. The study of quasi-alternating links in this context is 
closely related to the study of Dehn surgery questions pertaining to left-orderability. In 
particular, properties of L-spaces suggest that left-orderability of the fundamental group 
of a 3-manifold should be well behaved under Dehn surgery (see [4^ Question 8] and [7\ 
Question 3.1], for example). 

Acknowledgements. This work formed part of an undergraduate research project under- 
taken while the first author was a participant in the CSST summer program at UCLA. We 
thank John Baldwin for suggesting the question answered by Theorem [TJ 

1. On Baldwin's classification 

Murasugi gives a complete classification of three-braids up to conjugacy [9] (compare [U 
Theorem 2.2]). As a strict subset of these, Baldwin suggests the following families (of 
conjugacy classes) of three-braids: 

(1) /i"'c7i(T^"^ • • • cjicj^"" where > 0, aj ^ for some < j < n and d = —1, 0, 1 

(2) h'^a^ where d = ±1 

(3) /i^'o-f cjs"^ where m = -1, -2, -3 and d = -1,0, 1, 2. 

In these classes, h = {a2cri)^ denotes the full-twist on three strands. With these three 
families in hand, we summarize Baldwin's classification of L-spaces as follows: 

Theorem 3 (Baldwin [U Section 2 and Theorem 4.1]). A genus one open book decomposi- 
tion with a single boundary component is an L-space if and only if it is the two-fold branched 
cover of the closure of a braid of type (1), (2) or (3). 

Towards the proof of Theorem [T] we make two observations. 

Proposition 4. IfY is the two-fold branched cover of a braid of type (2) or (3) then 'KiiY) 
is finite and hence not left- orderable. 
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Proof. First consider the closures of the braids of type (2). In this case, consulting [H 
Proof of Theorem 8.7 part II], the branch set in question is a pretzel knot encodes a 

Seifert structure with base orbifold 5^(2, 2, 2-|-m) (see in particular [T[ Figure 9]). It follows 
from Scott's classification of Seifert structures |13j (compare [101 Proposition 2.3]) that the 
two-fold branched coved in question admits elliptic geometry, and hence the fundamental 
group is finite as claimed. 

For braids of type (3), we may appeal to [Ij Proof of Theorem 8.7 part III]. First note 
that in the case d = and d = 1 the branch sets in question are the (two-bridge) torus 
knots T(2, m) and r(2, m-|-4), respectively. As the resulting two- fold branched covers must 
be lens spaces, the corresponding fundamental groups are finite cyclic. Up to mirrors, the 
remaining branch sets may be viewed as the closures of = d^af,d'^ai,d^ (these are the 
links IO124, LQni2, 819, respectively). The corresponding two- fold branched covers may also 
be obtained (up to orientation reversal) by +2- and -|-3-surgery on the right-hand 
trefoil, respectively, giving Seifert structures with base orbifold 5^(2, 3, n) for n = 5,4,3. 
As in the case of type (2), these admit elliptic geometry and hence the fundamental group 
is finite as claimed. □ 

Remark 5. For Seifert fibred spaces, L-space is equivalent to non-left- orderable fundamental 
group [2, Theorem 4]. Therefore, combined with the fact that the branch sets of type (2) 
and (3) have two-fold branched covers that are L-spaces, it is sufficient for our purposes 
to simply note that all of these manifolds are Seifert fibred. It seems interesting to note, 
however, the stronger statement that all of these groups are indeed finite. 

Proposition 6. IfY is the two-fold branched cover of a braid of type (1) with d = then 
the branch set is alternating and hence vri(y) is not left- orderable. 

Proof. The braids of type (1) with d = are alternating on inspection of the diagram 
(compare [1, Proof of Theorem 8.7 part I]); the result then follows from [2, Theorem 8]. □ 

Thus, to prove Theorem [H it remains to show that the two-fold branched cover of the 
closure of a braid of type (1) with d = ±1 has non-left-orderable fundamental group. 

2. On Greene's presentation 

For our purposes, a convenient description of the fundamental group of the two- fold branched 
cover of a link L is given as follows. Let P be the white graph of a checkerboard colouring of 
the link L. Decorate the edges of P according to the convention in Figure [Hand distinguish 
an arbitrary vertex r (the roo£). Consider the group 

Gt = (Xi, . . .,Xn\ri, . . . ,rn,Xr) 

where the generators Xi are in one-to-one correspondence with the vertices of P, and the 
relations are specified as follows. At each edge {xi,Xj) incident to a vertex Xi define the 
word Wj = {x~^Xiy^^^'^i\ where e( the sign on the edge. Then rj is the product of 

the Wj read in counter-clockwise order around a small loop centred at the vertex Xj. 
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Figure 1. Sign conventions at a crossing given a colouring of a knot diagram. 

Theorem 7 (Greene [3 Proposition 1.1]). Let denote the two-fold branched cover of 

L, and fix a white graph T for some diagram of L. Then 7ri(S(L)) = Gr- 

To state our next result, we will make use of slightly different graph, T. This is obtained 
from the signed white graph T by removing the root vertex r, and decorating each remaining 
vertex i with an integer specifying the number of edges between i and r, with sign. It is 
immediate that T retains enough information to reproduce the presentation Gr, provided 
we record the region in the plane that contained the root r. For our purposes, the root 
vertex will be in the unbounded region of the plane. 



^1 — ... •^m—l 




Figure 2. The form of F considered in the hypothesis of Proposition [8l On 
the left F is shown, where unmarked vertices should be labelled with and 
unmarked edges should be labelled with +. On the right the vertices are 
labelled with their corresponding generator in Gr- 

Now consider the case wherein F consists of a single cycle of the form shown in Figure EJ 
Then G(T) is generated by c„ + m + 1 elements denoted 

xi,...,Xm-i,yo,yi,---,yc„,z 

where z is the generator associated with the vertex r removed from F to form F. Note that 
the generators for < k < n are precisely those corresponding the the vertices labelled 
with the Ofc > 0. Set Ck = bi + ■ ■ ■ + bk where 6^ — 1 is the number of vertices between the 
vertices labelled ak-i and ak, and let cq = 0. For future reference, we denote the relations 
by r(g) for a given vertex labelled with a generator g. Assuming that n > 0, the relations 
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of Gr have the following form: 

r{xi) = {x^_^-^^Xi)^^ {x^_}-^^Xi)^^ where < i < m 

r{yo) = {xi^yo)~^yo'^'\yi^yo) 

r{yc^) = {yc^- 1 yck ) ytl (yc^V i V^k ) where < A; < n 

r{ycj = {yc,l- 1 yc„ ) yZ (^m- iVcX^ 

r{yj) = {yi+iyi){yi-iyi) where i^Ck for < A; < n 

Recall that there are two additional relations z (i.e. z = 1) and r{z) = 2/(7"" • • ■yi°'^yc^°- 
Of course, the latter is equivalent to y^^yc^ • • • = 1- 

Proposition 8. // T is of the form shown in Figure \M cmd either m > 1 or m = 1 and 

ao,On > 1; then Gr is not left-orderable. 

The proof, occupying the remainder of this section, is established by way of a series of 
lemmas. 

Lemma 9. // Gr is left-orderable then without loss of generality we may assume that, 
relative to any given left-order, i/q < 1 < yc„. 

Proof. Suppose that Gr is left-orderable, and fix a left order <. As observed by Greene [71 
Proof of Theorem 2.1], Gr must contain at least one generator that is non-trivial and larger 
(or equal to) all other generators relative to <, since otherwise the group is trivial (recall 
that the trivial group is not left-orderable by convention). Similarly, Gr must contain a 
generator that is non-trivial and smaller (or equal to) all other generators relative to <. 

Next consider a vertex with associated generator gi for which every incident edge is labelled 
-|-. By definition, the associated relation at this vertex is YljdJ^di^ where j runs over 
vertices adjacent to the gi vertex. If we assume that g^ is a largest element among the 
generators, then gj < g^ for any j, which implies that 1 < gj^di- If 1 < 9j^9i we contradict 
Ylj 9j^9i = 1; in particular, any of the gj must be a largest element also (compare fP-, Proof 
of Theorem 2.1]). The same observation holds for least elements among the generators; 
a similar argument applies for all incident edges labelled — (in both cases). As a result, 
without loss of generality, we may assume that least and greatest elements among the 
generators correspond to vertices with incident edges that are not all labeled with the same 
sign. 

In the present setting, we have that and yc„ are the candidates for least and greatest 
elements among the generators. Note that these generators must have opposite sign relative 
to <, otherwise we contradict yQ^y^l • • • ~ ^- conclude that the only possibilities are 
either yo < 1 < yc^ or yc^ < 1 < yo! by symmetry (i.e. by passing to the opposite order) we 
may restrict attention to the former, concluding the proof. □ 

Lemma 10. The elements Xi € Gr may be rewritten Xi = (xiXq ^)*~^xi for all < i < m. 
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Proof. The statement clearly holds for i = 0,1. When i = 2 consider the relation 

so that X2 = xiXq ^xi, verifying the case i = 2. For induction, suppose the result holds for 

< i < k, and consider the relation x'j^^^Xkx'j^^^Xk so that 

Xk+l = XkXj,^^Xk = Xi = (xiXq ^)^"^Xl((xiXo ^)^"^Xi)"^(xiXq = (xiXq 

as claimed. □ 
Lemma 11. The elements € Gr may he rewritten 

= (yc,_i+iycii)^'"^ycfc_i+i 

for all < k < n, or 

= iyck+i-iVck+i) ''^^ Vck+i-i — yck+i-iiyck+ii/ck+i-i) ''^^ 

for all < k < n. More generally, for Ck-i < Ck we have 
and similarly, for Ck-i < i < we have 

Proof. Identical to that of Lemma [TOl □ 

Lemma 12. Every element yc^ may be represented as a word in the group elements yo and 
Xiyo°~^ forO <k<n. 

Proof. We prove a stronger statement: yc^ and yc^j^iy^^^ can be represented as a word in 
the group elements yo and xi?/q°~^ ioi Q < k < n. 

Note that when /c = the first claim holds trivially. Next consider the relation 

r{yo) = yi^yQ{xi'^yo)~^yl° = yi^xiyl° 
so that 7/1 = xiy^^ . Therefore 

and the second claim holds for A; = as well. 

For induction, assume that the conclusion holds for all < i < A; — 1. We have that 

= {yck-^+iyck-^f'^^yck-i+i = (yck-i+iyck-^f'yck-i 

from Lemma \TT\ so the claim for holds. On the other hand, consider the relation 

'^(ycfc) = 2/cfe+i2/cfe2/ci.-iycfcycfe 5 

hence 

yck+Wck = vckyck-iycl = vck-x+iVctiyct- 

In combination with the inductive hypothesis, the claim holds for ycfc+i2/^^- D 
Lemma 13. Relative to any left-ordering of Gy, xi must he a positive element. 
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Proof. Consider the relation Uc^'^'ycn-i^ ' ' ' Vi'^^Vo'^'^ ^ which imphes that 

yo Vi yc„_i Vcn — ^■ 

By Lemma [T2t y"^ may be expressed as a word in the elements yo ^-nd xiyQ°~^ for < /c < n, 
denoted Wk = Wk{yo, xiyQ°~^). In particular, 

WqWi ■ ■ ■ Wn-lWn = 1- 

By LemmalU we may assume that yo < 1, thus xiyQ°~^ must be a positive element (if not, 
a product of negative elements is 1, a contradiction). Now 1 < xi^q"^ implies that 1 < xi 
when ao = 1, or < yg"" when oq > 1- The former implies that is negative, hence 
xi is positive as claimed. □ 

Lemma 14. Every element y^,, may he represented as a word in the group elements yc„ and 
y^^-^Xm-i forO<k<n. 

Proof. Similar to that of Lemma [12] and left to the reader. □ 

Proof of Proposition [3 Suppose that Gr is left-orderable. By Lemma [9] we may assume, 
without loss of generality, that yo is negative and yc„ is positive. There are two cases to 
consider according to the hypothesis. 

Case 1: m > 1 

Write y^^~^Xm~i = yc^~^{xiyQ^)"^~^xi using Lemma [TOl Recall that xi is positive by 
Lemma [Island yc„ and y^^ are positive by assumption. Therefore y^^~^Xm-i is positive, as 
a product of positive elements. As a result, using Lemma [T4l we can express yo as a product 
of positive elements, a contradiction. 

Case 2: m = 1 and oq, a„ > 1 

In this case yc„ = xi and Xm-i = yo- By Lemma [T2\ we must have xi^q""^ > 1 (otherwise 
xi, a positive element, may be written as a product of negative elements). Therefore 
xiyo > xiyQ°~ > 1 since yo is negative. Now ?/"j^~^Xm-i = x'^"~^yQ = x^"~^(xiyo) > 1 
and we have a contradiction, in view of Lemma [TH as before. □ 

3. Completing the proof of Theorem [T] 

As observed in Section [1] it remains to consider braids of type (1) when d = ±1. 

Proposition 15. If Y is the two-fold branched cover of a braid of type (1) with d = ±1 
then vri(y) is not left-orderable. 



Proof. We proceed considering the two cases separately; each case reduces to an application 
of Proposition [51 



8 



YU LI AND LIAM WATSON 




Figure 3. An example of a branch set formed from the closure of a braid 
of the type used in the proof of Proposition [T5l with m, n = 3. The single 
vertex r indicates the white region corresponding to the root vertex of F, 
removed to form F. 



Case 1: d = 1 



Revisiting the form of type (1) braids we have 

haia^"^ ■ ■ ■ fTio-^"" 

where Oj > and aj ^ for at least one value j. Up to conjugation, this braid is equivalent 
to 

where now k, a[, a'^ > 0, and a'j > for < j < n. 

Notice that in this alternate expression the case n = 1 can arise, in which case the braid in 
question takes the form /icr^o"^" where k,a > 1. Now recalling that d = ((T2f'"i)^ 
we have 



ha\u~2 



0"l <T2 



a = 1 
a = 2 
a>2 



up to conjugation, where k + 2 = m > 2. The cases a = 1 and a = 2 give rise to the 
branch sets T(2,m + 2) and T(2,2)#T(2,a + 2), respectively, so the fundamental groups 
of the corresponding two-fold branched covers contain torsion and cannot be left-orderable. 
On the other hand, the closure of the braid (T2*cricJ^"~^cri gives a diagram with white 
graph satisfying the hypothesis of Proposition [8] (where the unbounded region is shaded 
black in the checkerboard colouring). We remark that, since this particular branch set is a 
pretzel knot, the two-fold branched cover is a Seifert fibred L-space. As a result, the desired 
conclusion may also be obtained from [21 Theorem 4]. 
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Now assume that n > 1. Up to conjugation, we have the braid 

u k -I'l -a'„ 
ndiCTj • • • 1T1CJ2 

/ 2 2\ k -a'l -a'^ 
= ((T2<TiCr20"i)cTi(T2 ■ ■ ■ aia^ 

2 m -a'l -all 

= a2ai(T2ai cig • • • crio-g 

= (T2 0-i(T2 • • • 0-i(T2 O"! 

where fc + 2 = m > 2. Renaming constants, this braid may be expressed as 

where Oj > for < i < n, 6, > for 1 < i < n and m > 2. An example is given in Figure 
El the associated white graph (shading the unbounded region black) satisfies the hypothesis 
of Proposition [HI 

Case 2: d = -1 

As above, up to conjugation, consider the braids 

7 —1 —CL-] —(In 

h Cri(J2 • • • 0-i(T2 



= ^2 




^(J2^(Tl 


^2 ^f^l 


-1^ ^—o-i 

aia^ ■ ■ 


= ^2 






1 -ai- 
"2 




= 


^2 


^^r^^2 


ai — 1 




= ^2 




^^2^^cr2 


ai — 1 


0x02^-^^ 


= 


^2 


ai-2 


aif72-"" 


-2 



where Oj > and aj ^ for at least one value j. Notice that if n = 1 then ai 7^ and the 
braid in question is o'^^al^"'^^'^ so that the relevant branch set is r(2, oi). Otherwise, n > 1 
and renaming constants as before we have the braid 

arV2-"V^a2-"^...aJ"a2-'^" 

where Oj > for < i < n and > for 1 < z < n. Notice in particular that ai,an > 1- 
Now up to exchanging a\ o (T2 and taking mirrors (the former is cosmetic; the latter results 
in an orientation reversing homeomorphism in the two-fold branched cover) this braid is 
equivalent to 

„ „ao —bi ai —bn^an 
C72^l ^2 1 ''''-^2 ^1 

as in the case d = 1 (this time with m = 1 and aQ,an > 1), so that the associated white 
graph satisfies the hypothesis of Proposition [8l □ 



Now combining Proposition [H Proposition [6] and Proposition [15] with Theorem [3] proves 
Theorem [H 
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